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Multinomial Logistic Bandits

@ Users are offered several (> 2) options rather than a single option.

@ Several applications, including:
» E-Commerce

Over-the-Top platforms

News Platforms

Recommendation Systems

v vy

@ It is unclear if algorithms designed for GLM settings would work for
the Multinomial Logistic setting.
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Formalism of Notations

@ K + 1 possible outcomes where the probability distribution for the
outcomes is given by:

TBik
erp(x—) 1<i<K,
14+ exp(xtTBj’.*)
P{y: =i|x¢, Ft} = =t 1 0
—x . 1=V
1+Z: exp(x;rej’-")

Jj=1

@ Hidden Optimal Parameter: 8* = (0{T, . ,O;QT)T € R such that
l6*]l < s.

@ Known Reward Vector: p such that ||p|| < R and pg = 0.

e Link Function z(x,0) = (z1(x,0), ..., zk(x, 0)).
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Formalism of Notations

o Gradient of Link Function A(x,8) = diag(z(x,0)) — z(x,0)z(x,0) .
@ Non-linearity parameter x that grows exponentially with the size of

parameter sets:

1
A { Amin(A(x,0))

o Hessian Matrix: Hg = M+ Y A(x,0%) @ x¢x{
teTp

:XEXlU...UXT,OEG}
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Motivation: Limited Adaptivity

@ Practical and computational limitations
@ Requirement for parallelism and limited policy updates.

e [Gao et al., 2019] showed that Q(loglog T) policy updates are
sufficient to obtain an optimal regret bound of O(v/T).
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Comparision to Prior

Type Work Update Type Number of Updates Regret
Linear [Ruan et al., 2021] Batched Q(loglog T) O(dV'T)
[Filippi et al., 2010] X T O(kdV'T)
Logistic [Faury et al., 2020] X T O(dvT)
& [Faury et al., 2022] X T O(dvVT)
GLMs [Sawarni et al., 2024] Batched O(loglog T) O(dV'T)
[Sawarni et al., 2024] Rarely-Switching O(log? T) O(dvT)
. [[Amani and Thrampoulidis, 2021] X T O(KdVkT)
Multinomial . o
Logistic [Zhang and Sugiyama, 2023] X T _O(KdV'T)
(MNL) Ours Batched O(loglog T) Q(Ks/zdﬁ)
Ours Rarely-Switching O(log T) O(K3/2d/T)
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Batched Multinomial Contextual Bandit Algorithm:
B-MNL-CB
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The Issue

Norm of theta difference
w.r.t the hessian matrix

Cauchy Schwarz Elliptical potential

‘ Lemma
Norm of the context
Regret 2 *Error
Y UCB- LCB Bound——— —— > vector w.rt the inverse of
Term term

the hessian matrix

Kappa!




Background - Optimal Designs

o G-Optimal Design 7¢:

2 _ T
Tea}(HX”V(WG)*l <d, where V(m)=Ex[xx"].

@ [Ruan et al., 2021] introduced distributional optimal designs

P (2, lmsxlxly ] < 0(Vaoga)) = 1~ 6(a)

X~D | xeX
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Simulating a matrix distributional optimal design

Crux of the problem :

A 1
o T -1/2 o A(x, 95)5

E ma ‘X H ‘” here Xg = ———— ® x
X~Dgy1 |:X€./1>’( BB 2 W o \/B,B(X)
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Simulating a matrix distributional optimal design

Crux of the problem :
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The Algorithm

Algorithm Batched Multinomial Contextual Bandit Algorithm: B-MNL-CB

1: Input and initialize the parameters
2: for batches 5 € [M] do
3:  for each round t € 73 do

for j=1to—1do

Update arm set Xy <— UL;(X;)

end for

Sample x; ~ m3_1(X:) and obtain the corresponding reward.
end for
Divide 73 into two sets C and D of equal sizes.

© 0N o g

. A T
10:  Compute Og <—argmin > (0, xs,ys), Hg = A+ %’
ra teC o

and mg using Algorithm 2 with the inputs (8, {X:}tep)

11: end for
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The Algorithm

Algorithm Distributional Optimal Design for MNL bandits

1: Input Batch 3 and collection of arm sets {X};

2: Create the sets {F;({X;};, B)} K.

3: Compute the distributional optimal design policy m; for each of the sets
Fi({Xj}), 8).

4: Compute the distributional optimal design policy mg for the set {&}};.

K
. | .
5: Return 7 = ;5 Zw,

i=0

RLC 2025 12/23



The Algorithm

Algorithm Distributional Optimal Design for MNL bandits

1: Input Batch 3 and collection of arm sets {X};

2: Create the sets {F;({X;};, B)} K.

3: Compute the distributional optimal design policy m; for each of the sets
Fi({Xj}), 8).

4: Compute the distributional optimal design policy mg for the set {&}};.

K
. | .
5: Return 7 = ;5 Zw,

i=0

A

A(x, 05)%

eiRdx:xeX;p:teD;.
Bs(x) } }

Ff({Xt}fGDuﬁ) = {{
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Rarely Switching Contextual Bandit Algorithm:
RS-MNL
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Algorithm

Algorithm RS-MNL

1: Input p, S, T and initialize the parameters \,~, 7.
2. fort=1,..., T do
3:  Observe arm set X;

4:  if det(H;) > 2det(H;,) then
5: Set 7 = ,i:
6: Update 8, < argmin > 4(0, xs, ys).
0 selt—1]

: — A(xs,07) T

7: Update H: = ) 5 ) © XsXs + Mgy
se[t—1] °
8: end if
9:  Select x; = argmax UCB(t, 7, x) and observe y;.
XEX}:

10:  Update Hy1q < H;: + Aéfzﬁf)) ® xtx,_LT
11: end for
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Experimental Results
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Conclusion

@ Batched Algorithm for MNL Bandits: B-MNL-CB
» Achieves a k—independent regret bound of O(K%/2dv/T).
» O(loglog T) policy updates.

@ Rarely-Switching algorithm for MNL Bandits: RS-MNL
» Achieves a k—independent regret bound of O(K3/2d\/T).

> é(log T) policy updates, which is an improvement over
[Sawarni et al., 2024]

» Improves the per-round time complexity compared to

[Sawarni et al., 2024] by re-introducing the UCB selection rule from
[Abbasi-Yadkori et al., 2011].
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Thank you
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Number of Switches in RS-MNL

A A

det He(6-, ) _ det Hr,(05,,) ~ det Hy(8r) om
det H.,(0) det H, (6. .) det H.,(0) —

det Hy(0;, ) >2Mdet (Myq) = 2mAK9

N Kd
A trace H(0. ) £ Kd
< m < -
det Hy(6,, ) < ( - < (A+ d)

Combining these facts shows that m ~ Kd log(T).
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Elliptical Potential Lemma

Let {xs}:_, represent a set of vectors in R? and let ||xs||, < L. Let

s—1
Vo= Mgug+ S xmx). Then, for A > 1

m=1

t 2
2 tL 5
; [Ixslly 1 < 2dlog (1 + M) < 4d log(tL?)
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